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We propose to use exceptional points (EPs) to construct diffraction-free beam propagation and
localized power oscillation in lattices. Specifically, here we propose two systems to utilize EPs for
diffraction-free beam propagation, one in synthetic gauge lattices and the other one, in unidirec-
tionally coupled resonators where each resonator individually is capable of creating orbital angular
momentum beams (OAM). In the second system, we introduce the concept of robust and tunable
OAM beam propagation in discrete lattices. We show that one can create robust OAM beams in an
arbitrary number of sites of a photonic lattice. Furthermore, we report power oscillation at the EP
of a non-Hermitian lattice. Our study widens the study and application of EPs in different photonic
systems including the OAM beams and their associated dynamics in discrete lattices.
Introduction— Diffraction management in photonics
is a long-lasting problem that limits the application of
beams and pulses especially in space communication,
image forming, optical lithography, and electromagnetic
tweezers [1]. Diffraction management finds its root in
many different system including disordered systems [2],
nonlinear systems [3, 4], and flat bands generated by sym-
metries [5–9], bound state in continuum [10], and optical
vortex beams [11]. Specifically, the last one, namely opti-
cal vortex beams, is of extreme interest due to its propri-
eties to construct and explore fundamental theories asso-
ciated with basic physical phenomena in the light-matter
interaction, topological structures, and quantum nature
of light which ultimately find its application in quantum
information [12], optical tweezers [13], microscopy [14]
and imaging [15] to name a few.
Recently an effort has been made to reduce the size of
the optical structures used to create orbital angular mo-
mentum (OAM) beams and make it possible to generate
OAM on chip-scale [16–20]. Despite all these achieve-
ments in the creation of OMA beams, there is no study
on the dynamics of OAM beams in discrete lattices.
In this paper, we open a new direction in the study of
dynamics of OAM beams in discrete lattices made of cou-
pled individual elements where each element is capable of
the creation of OAM beams separately. From now on we
call such lattices OAM-lattices. Specifically, we are in-
terested in having localized robust non-diffracting OAM
beams in an arbitrary element or possibly at several ele-
ments of the OAM-lattice. To this end we introduce an
abstract concept, namely continues family of eigenstate
associated with one EP. This abstract concept allows us
to construct more than one robust OAM-beam with dif-
ferent intensities in coupled optical elements. This can be
generalized to create diffraction-free beam propagation.
EPs are topological singularities manifested in non-
Hermitian systems [21]. By definition, at an nth or-
der EP, n eigenfunctions coalesce resulting to identical,
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FIG. 1: (Main panel) Schematic of a semi-infinite OAM-
lattice. The lattice made of microring resonators with en-
closed S-shaped waveguides with tapered ends and S-shaped
waveguides in between adjacent microrings. The tapered S-
shaped waveguides cause a unidirectional coupling between
the modal field amplitude of CCW and CW in a microring
or in between adjacent microrings. Notice that the face of
the S-shaped waveguides is flipping from one microring to the
other one. The flipping of S-shape in every other microring
makes sure that the surviving CCW (CW) modal field am-
plitude in each microring couples to the CW (CCW) modal
field of nearest neighbor microring. This OAM-lattice sup-
ports an arbitrary number of localized OAM beams and can
be manipulated to have power oscillation. (upper left panel) A
single-mode ring resonator that its permittivity is perturbed
by a complex time-dependent modulation. This can resem-
ble a semi-infinite synthetic lattice that its artificial sites are
coupled to each other only in one direction. ω0 here denotes
the resonance frequency of the static ring. One can use this
approach to create a synthetic lattice for constructing non-
diffracting beams based on the continuous family solution at
EPs.
well-defined, and unique eigenfunctions at a degenerate
eigenvalue. EPs are ubiquitous in open systems and non-
Hermitian optics and have interesting features such as
unidirectional invisibility [22], unidirectional lasing [23],
lasing and anti-lasing in a cavity [24, 25] and enhanced
optical sensitivity [26].
Here we reveal an abstract concept namely a family of
EPs appearing in semi-infinite lattices that are defined by
a continuous family of eigenstates. While such singular
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2points occur at an infinite order EPs, and might not have
direct physical realization, we use this class of EPs in two
distinct models to construct non-diffracting beams in (i)
artificial lattices and (ii) generate robust localized OAM
beams in a finite OAM-lattice.
Model and discussion– Let us start with a semi-infinite
photonic lattice made of coupled microring lasers each ca-
pable of vector vortex generation. Such microrings can
be fabricated utilizing breaking rotation symmetry and
asymmetric loss using an S-shape waveguide with adia-
batically tapered ends embedded at the center of a mi-
croring [16]. A tapered S-shaped waveguide makes it
possible to create a unidirectional coupling between two
adjacent microrings by breaking the time-reversal sym-
metry and chirality. The orientation of the S-shaped
waveguides is flipped in every other microring and in be-
tween the microrings as depicted in the upper panel of
Fig(1).
Using the coupled-mode theory, we can write the
modal field amplitudes in the clockwise and counterclock-
wise directions (ECW , ECCW )
T
m = (ψ¯, φ¯)
T
m (T stands for
transpose) at the m(∈ odd)th microring as [16]:
idψ¯mdt = σψ¯m + wφ¯m+1
idφ¯mdt = σφ¯m + vψ¯m.
(1)
The modal field amplitudes at the microrings with even
m are given by the same equation as the one in Eq.(1)
except that we switch the ψ¯ and φ¯ in Eq.(1). Here, for
now we assume that m starts from one and go to infinity,
t is time, σ = −ω0 + i(g − γ) is a constant depicted by
the design of the structure, ω0 is the resonant frequency,
g is the linear gain, γ represents linear dissipation due to
structural/material losses or cavity decay, v and w sig-
nify the unidirectional coupling from the clockwise to the
counter-clockwise modes in a microring and in between
two adjacent microrings, respectively.
Before proceeding further let us make a transforma-
tion (ψ¯, φ¯)Tm = (ψ, φ)
T
me
−iσt. Using this transformation
the Hamiltonian associated with the (ψ, φ) of this semi-
infinite OAM-lattice can be written as
HEP =
2N∑
n=1
(c1 − (−1)nc2)|n〉〈n+ 1| (2)
where c1+c2 = v, c1−c2 = w, |n〉 is a∞×1 column vector
that all of its elements are zero except the element at the
nth row which is one, N is the total number microrings,
which is infinity for our system. This Hamiltonian is a
Hamiltonian at EP as it is non-diagonalizable, featuring
a 2N -th order EP. The matrix form of HEP is an up-
per triangular matrix with (HEP )i,j = 0 unless i 6= j − 1
and hence it is a Jordan block matrix. At first glance,
one would say that all eigenstates coalesce to a unique
eigenvector
|α〉 = (1,0)T (3)
where 0 is 1× (2N −1), with the corresponding uniquely
given eigenvalue α = 0. Here we show that this is not true
for this semi-infinite lattice. Instead, the system admits
a family of eigenstates with continuous eigenvalues.
At this point, we are interested in finding an analyti-
cal solution for the eigenvector associated with this EP.
Let us expand the eigenvector |α〉 of the Hamiltonian in
Eq.(2) with its corresponding eigenvalue α in the |n〉-
basis as
|α〉 =
∞∑
n=1
ξn |n〉 (4)
where
HEP |α〉 = α |α〉. (5)
Below we will show that the eigenvalue α of the Hamil-
tonian at the EP is a continues parameter. Substituting
Eq.(2) and Eq.(4) in the Eq.(5) yields a recurrence equa-
tion for ξn. One can show that apart from a normaliza-
tion constant, ξn is given by
ξn =
{
αn−1(vw)
1−n
2 if n ∈ odd
αn−1w(vw)−
n
2 if n ∈ even (6)
and thus the non-orthogonal EP eigenvector is given by
|α〉 =
∞∑
n∈odd
αn−1(vw)
1−n
2 |n〉
+
∞∑
n∈even
αn−1w(vw)−
n
2 |n〉 (7)
forming continuous eigenvectors depending on the value
of parameter α. At this point the striking difference be-
tween the continuous family of solution at the EP in
Eq.(7) and the conventional eigenvector at the EPs in
Eq.(3) is clear. This continues family of eigenstates at
EP arises for the semi-infinite system and has no ana-
log when the system has finite number of sites, where all
eigenstates coalesce. To study the eigenvalues α more
specifically, it is instructive to see the expanded format
of the eigenvector |α〉 in Eq.(7)
|α〉 = |1〉+ α
v
|2〉+ α
2
vw
|3〉+ α
3
v2w
|4〉
+
α4
v2w2
|5〉+ α
5
v3w2
|6〉+ .... (8)
The solution Eq.(4) is normalizable if ξn→∞ → 0. One
can see that this condition is satisfied if |α
v
| < 1 and
| α
2
vw
| < 1. Therefore α can be a real or a complex num-
ber which seems to be in contrast to the generally be-
lieved one where an EP determines a phase transition
from a real spectrum to a complex spectrum. Specif-
ically when v = w the total intensity has a closed
form 〈α|α〉 = (1− |αv |2)−1 which obviously indicate why|αv | < 1. By varying α at fixed v and w, one can ob-
tain a continuous family of square integrable and stable
3OAM beams. Notice that ξn rapidly goes to zero with
n for small values of |α|. This implies that our solution,
which seems valid only for the semi-infinite lattice, can
still be used to construct almost stationary states for a
truncated lattice. In other words, |α〉 becomes an ef-
fectively stationary state for the truncated lattice at the
EP in the timescale of an experiment for sufficiently small
values of α. As we discuss later, depending on the value
of couplings we can have different scenarios where OAM
beams with different amplitude leave in several micror-
ings. Furthermore, α and coupling values v and w dictate
how many OAM beams remain localized at the left side
of the lattice and at the limit of α → 0 only one pure
OAM beam will be localized at the first resonator. No-
tice that α = 0 reduces to the solution given in Eq.(3).
Physically, choosing different values for α means that one
can construct arbitrary numbers of OAM beams in the
lattice just by adjusting their relative intensities.
The solution in Eq.(6) is only valid for the semi-infinite
lattice and thus one might become suspicious about its
practical application which needs large lattice size. To
address this issue and before discussing further the ef-
fect of lattice size and also couplings on the OAM beams
here we propose an approach to build a very large lat-
tice in the synthetic dimension. Creating lattices in the
synthetic dimension with bidirectional coupling has been
studied before where one uses a modulation defined via a
pure real function to create an artificial dimension, such
as frequency for instance, and make a synthetic lattice
[27, 28]. In contrast to what has been proposed so far here
we are interested in a large lattice with artificial sites that
its artificial sites are coupled in a unidirectional manner
as needed for the observation of the continues family of
solutions at the EP [29]. For this purpose consider, for
example, a single mode ring resonator as shown in the
upper corner of the Fig.(1). Let us assume that the per-
mittivity of the ring is perturbed with a complex function
δ(r, t) = δ(r)ei(Ωt+Φ) (9)
where δ(r) is the modulation profile, Ω is the modulation
frequency, and Φ is the modulation phase. Notice that
unlike the previous proposals on synthetic lattices we are
using a complex function modulation rather than a real
function which means that we are modulating not only
the real part of the permittivity but also its imaginary
part which physically is equivalent to time dependent
gain or loss mechanism. Such modulation forms a list of
equally spaced modes started at the resonance frequency
of the static ring resonator where the dynamics of these
modes are given by the following equation:
i
dam
dt
= κe−iΦam+1 (10)
where κ is the coupling strength between the modes. For
the detailed derivation of Eq.(10) see Ref.([27, 30]). One
can see the immediate connection between the Eq.(10)
and Eq.(1).
FIG. 2: Diffraction behavior of the initial excitation of a
finite size OAM-lattice associated with an upper panel of Fig.
(1) which is composed of 50 microrings (in the left column
we just show 10 rings, or 20 first modal amplitudes n at the
left side of the lattice as the rest are almost zero) for different
values of coupling and  at time t = 0 (red circle) and t = 50
(blue triangle) in the unit of coupling. We assumed σ = 0
for simplicity. In (a,b) Coupling w = 0.05 is much smaller
than v = 1, α = 0.05 in (a) and α = 0.2 in (b). In this
case t is normalized w.r.t. v. As expected in (a) a dominant
CCW OAM beam leaves in the first resonator with some small
contribution from a CW mode. The second microring has
mainly CW mode with a smaller amplitude. In (b) the larger
α is equivalent to the excitation of more ring resonators. In
this case, the effect of finite size lattice becomes apparent
mostly at the left of the lattice where a pick appears and
starts to grow exponentially. In (c,d) the coupling v = 1
and w = 0.9 and t is again normalized to v. Furthermore,
we picked α = 0.05 for (c) and α = 0.6 for (d). Again the
same behavior as (a,b) is observed with different intensities
at the left side of the lattice in each case. In (e,f) we made
v = 0.05 and w = 1 and normalized t w.r.t. w. Interestingly
enough in (e) there is no pure CCW or CW mode in any ring
and both of them have similar intensity in a ring. It is clear
that by choosing the couplings and different values of α we
can make different localized beam propagation with almost
no diffraction.
It is easy to show that by truncating the lattice the
EP occurs at α = 0 with a corresponding eigenvector
given in Eq.(3). Our numerical simulations shows that
for a lattice which is long enough still one can excite the
lattice with an initial condition given by Eq.(7) and have
non-diffracting OAM beams for a large period of time.
As the lattice size becomes smaller, one is forced to use
a smaller value for α to observe diffraction free beams.
Next let us discuss the effect of couplings and value of
α on the dynamics in a finite size lattice. As depicted in
Fig.(2) by choosing different values for couplings and α
we can create different OAM beams that are localized in
the left side of the lattice. One can have a combination
of OAM beams with different amplitudes in a ring or a
single OAM beam in a microring or a combination of
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FIG. 3: Dynamics of the OAM beams in a lattice with 50 ring
resonators with initial conditions given by the superposition
of α = ±0.1 in Eq.(8). The left column is associated with
the case where we use the plus sign for the superposition
while the left column is for minus superposition. In (a,b)
v = 1, w = 0.05, and (c,d) v = 0.5, w = 1. t is the time
in the unit of the coupling which has value one, N is the
number of resonators, only modes of three rings which have
significant intensity are shown here, and I is the intensity
of the corresponding mode. We observe a power oscillation
between the CCW modes and CW modes. One can control
the relative intensity just by adjusting the couplings.
them where first there is mixture of them on the left and
eventually there is a pure OAM beam in ring. The whole
process is almost with no diffraction for a long time t.
This picture disturbs when the pick which is much down
in the lattice reaches to most left microring.
The linear nature of the Eq.(1) and solution (8) al-
lows us to further manipulate the dynamics of the gen-
erated OAM beams. For example, one can excite the
lattice with the superposition of |α1〉 and |α2〉 such
that initial excitation is given by |α1〉 ± |α2〉 and with
α1 = −α2 = α ∈ <. It is straightforward to see that
the aforementioned superposition with the plus sign re-
sults in |α〉 ∝ |1〉+ α2vw |3〉+ α
4
v2w2 |5〉+ .... which equivalent
of exciting the CCW and CW modes in every other mi-
croring. On the other hand, the subtraction results in
|α〉 ∝ αv |2〉 + α
3
v2w |4〉 + α
5
v3w2 |6〉 + .... which is equivalent
to exciting CW and CCW modes in every other micror-
ing. As a result of such excitation, we can have only
one type of OAM beams in each ring. In Fig.(3) we de-
picted the dynamics for different values of couplings and
the aforementioned superposition of α and −α without
any normalization of the initial excitation. We observe
a surprising effect namely, a localization with power os-
cillation at an EP. Power oscillation has been observed
in early studies of PT-symmetric systems where the bi-
orthogonality causes the power oscillation[31, 32]. How-
ever, to the best of our knowledge, there is no report
on the localized beam that has power oscillation at an
EP. Due to the power oscillation, a CCW mode transfers
to a CW mode and vise versa. Specifically, for the plus
superposition as shown in the left column of Fig.(3) ini-
tially the CCW modes with odd mode numbers depicted
in the x-axis of Fig.(3) are excited. After some propa-
gation time, t, the field intensity in the CCW modes de-
cays and some power transfers to the CW mode. Again
after a few coupling time propagation, the field inten-
sity comes back to its initial values. Similar dynamics
occur for the minus superposition where originally the
even modes (CW modes) are excited. This power oscil-
lation can be understood when we realize that the state
|α(t)〉 = exp(iαt)|α〉 ± exp(−iαt)| − α〉. Clearly one can
control the intensity profile by detuning couplings v and
w. Notice that one expects to have a flow of intensity
from higher mode numbers toward the mode one. How-
ever, as we see here the intensity oscillates between the
modes due to the superposition.
As a final comment, while the transpose of the Hamil-
tonian in Eq.(2), which is equivalent to a lattice that its
coupling is in the opposite direction as the one shown in
the upper panel of Fig.(1), has the same spectrum as the
one in here, however, the system does not have a local-
ized solution at the EP. Conclusion– In Conclusion, we
have introduced continuous family of eigenstates at EPs
in semi-infinite lattices. This class of EP is a function of
a free arbitrary parameter. By varying the free parame-
ter, we get another eigenstate at the EP. Physically the
changes in the free parameter are equivalent to the num-
ber of the excited state in the lattice. While this class
of solution at EP only occurs in semi-infinite lattices we
proposed two different systems to make use of this family
of solution at EPs for diffraction-free propagation, (i) in
the frequency domain known as synthetic gauge lattices
and (ii) in a spatial domain where we used microring res-
onator capable of generating OAM beams individually.
In practice coupled microrings that are capable of mak-
ing OAM beams disturb the generated OAM beams and
thus so far there is no study on a lattice that each element
can create OAM beam. Here we used our proposed EPs
to study OAM beams in lattices and manipulate OAM
beams in such lattices. Furthermore we reported a lo-
calized power oscillation at the EP. This localized power
oscillation, apart from its localized feature, is a distinct
property of our proposed EPs and is different from power
oscillation in PT-symmetric systems where only in the
exact phase one can see such power oscillation due to the
bi-orthogonality.
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